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Rendezvous Problems

These talks will be roughly divided into the following topics:

oW D

Definitions

Ascent trajectories
Parking orbits
Mission analysis

Rendezvous in planetary travel

Definitions

The definitions of the major symbols are:

0 DL - mm <o

semi-major axis

eccentric anomaly

true anomaly

parameter of ellipse - semilatus rectum
period

inclination angle

argument of perigee

argument of ascending node

eccentricity

In terms of the quantities we will use the well-known relations:

]

a(l - e); pericenter distance

a(l + e); apocenter distance

a(l -e2); semilatus rectum

"
D
T =2 7(&3/%/4/-1/2,
/%

n

1.407639 x 10° £t3/sec for the Earth's gravitational con-

stant

%
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; mean motion

5. nw o . 217 ) #1/23-3/2

6. M=n(t - 7 ) ; mean anomaly
T = time at epoch.

If the Earth's potentia]l function is represented by

o

7. U=;‘%‘{1- Z Jn(g)nPn(sinL)]

n=2
vhere

Pn = Legendre polynomial of order n

L = Latitude angle,

then the first order secular perturbations in the orbital elements of
an Earth satellite in the absence of air drag are:

2
8. Q = - 535 \J 7‘;'"— Je(g-) cos i rad/sec ; R = equatorial redius

s
— 2
9. (bs=%v7(aLJ2 (%) (-1+Scos2 1) rad/sec
2
10. M E;”%‘—J (B) ’4 1-e2(- 1+30052 1) red/sec
s a 2 °'p
1.

2
-377 Iy (%) cos 1 rad/rev.

2
3 7TJ2 (%) (- 1/2 + 5/2 cos® 1) rad/rev

&

12.

2

2
13. M 3 7TJ2 (g—) l-e (- 1/4 + 3/4 cos® i) rad/rev

where J, = 1082.28 x 1018,
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Rendezvous Problems
Example:

For an orbit with 1 = 300 and an altitude of 300 statute miles, one

finds that

@)

- 0.442 ®/rev. g - 6.8 ®/day

-
s
it

0.705 o/rev. 2 10.8 O/day

Rendezvous Phases
Rendezvous can be divided into the three phases

i. ascent of injection into transfer orbit
ii. terminal phase
iii. docking - contact between ferry and target vehicles.

There are a wide variety of possible types of ascent maneuvers and
a few remarks will be made concerning the characteristics of some of

the basic types of ascent maneuvers.
a. In - plane ascent:

An in - plane ascent requires that the target
vehicle travel in a compatible orbit; that is, an
orbit in which the target passes over the launch
site at least once per day. This is a severe

requirement and its practical realization will

probably require means for adjusting the orbital
period of the target vehicle. Figure 1
Transfer Orbit
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b. Adjacency transfer:

The ferry is inserted into an orbit close to that of the target,
but not necessarily in the same orbital plane. The ferry transfer or-
bit is selected so that its orbit is coaltitude and has the same velo-
city as the target at the time at which the two orbits intersect. At
the time of orbit intersection, the ferry is given a velocity impulse

such that its orbit plane is made coincident with that of the target.

c. Two - impulse transfer:

The first impulse inserts the ferry intoc a transfer orbit such
that the apogee of the transfer occurs at the orbit of the ferry and
the timing is such that the ferry and target are simultaneously at the
apogee of the transfer orbit. When the two orbits touch, & second
velocity impulse is given to the ferry to bring it up to orbital speed
and, if necessary, change its orbitael plene to coincide with that of

the target.

d. General ascent:

The ferry is injected into & general transfer orbit which is re-
quired to intersect the target on either the outgoing leg or the in-
coming leg. The timing problem for these ascents is very critical and

typical launch windows are only of about 3 minutes in duration.

e. Parking orbits:

An intermediate parking orbit greatly simplifies the timing prob-
lems for an ascent transfer trajector. The ferry is first launched in-
to a circular orbit at a lower altitude than that of the target. Be-

cause the ferry will have a shorter period of revolution, it will gain
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on the target with respect to their geocentric angles. At the proper
time, the ferry is given a velocity impulse into a transfer orbit which
will bring it into position for the final rendezvous maneuver.

Velocity Penalty for Maneuvers

a. Equal velocities, in - plane maneuvers:

Suppose that the interceptor (ferry) end the target vehicles have
the same velocity magnitude but different directions; Figure 2.

For small & ,
14, AV:O(V.

For a typical velocity of 25,000 ft/sec, the velocity ‘\\\:ﬁirgei' \4

increment required per degree separation of the paths

would be of the order o AV,
15. Av = I x 25 x 10° = b36 f£t/sec. Vi
180 .
Figure 2

This is & costly meneuver as measured in units of required velocity

impulse.

b. Two - impulse maneuver:

Apce
57}/{;/ roe

From Figure 2,

- 2 2 2
. — + - v oL,
16 V2 = Vl VO 2V1 ) cOs

Figure 3

The velocity penalty for the plane change is
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17. Av =V, +V, -V,

for small ©X, such that sin > oz X , 16. and 17. yield

\'4 VO

1 2
18. AV = -2-(\—,—0—.—\,-;) X .
Example:

Typical nubems at apogee are Vl = 10 x 103 ft/sec, V2 =15 x 103, VO =

25 x 10° ft/sec. If Ok = 5.7°, then /\V v 83 ft/sec. Thus the two-
impulse meneuver is less costly then the previous case. The economy
partly comes from the fact that the velocity impulse can correct the

Interceptor's speed at the same time that jtg orbital plane is shifted.
¢. Dog - leg maneuvers:

Dog - leg maneuvers during thrusting may also
asgent or . :
be used dur ngAtr nsfer trajectories to effect an
orbital plane shift. Thrust is made in the trans-
verse direction by tilting the rocket thrust by an
angle & from the vehicle's flight path. Let

[&V = required increment of velocity.
Figure L
It can be demonstrated that if & <: <: io, then for § held constant,
Av
=% 9
0] 8]

19. §—= X

Example:

if ’.‘o = 10 x 103 ft/sec, /\V = 15 x 103 ft/sec, one finds that o = 1.58 .
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Thus the dog - leg maneuver can change the angle of the trajectory
plane on the same order as the rocket motor gimbel angle used, and with

minor penalty on the forward acceleration.
General Direct Ascent
a. General Direct Ascent
The rendezvous window is defined as the interval of time on the
launch pad during vhich a rendezvous ascent cen be made without an "ex-

cess" fuel penalty.

It has been established that Hohmenn - type transfers produce

minimum energy transfer. Soft - rendezvous is the situation in which

the speed and orbit direction &re the same for both the interceptor
and terget vehicles. A Hohmann -
type transfer can be used if the

target is at A, at interceptor

L
launch (ahead of insertion point).

The intercept takes place at AR.

The general cases occur for
the target at either By (1leading)
or Cp (lagging) with the inter-
cept accomplished at the intersec=-

tion points BR or CR’ respectively.

One can investigate the maxi-
rnum spread in angle between initial

points BL and CL which determine the

allowable launch window with a re-

striction on the available [XV

capability of the interceptor. Figure 5

Transfer Orbits
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Suppose that the total vehicle thrust

o

capability is

20. v, + [\Vy = 27,000 ft/sec.

One can show that the leunch window shown

in Figure 5, is - 7.4 to 6.1° or roughly
130, which corresponds to about 3 minutes
for typical orbits. If the thrust capabili-
ty is increased to 3 x th ft/sec, the

Figure 6
Leunch Windows

launch window increases to about 15 minutes.
It is thus seen that the launch window is very sensitive to the total
vehicle capability.

b. Indirect ascent schemes

Parking orbits can be employed to extend the launch windows from

the order of minutes to hours.

Suppose, as shown in Figure 7, that
the inclination of the target's orbital
plane is only slightly lerger than the

2180 Target Orbit

latitude i, of the launch site. Further, V/ ' —
— feirs et
suppose that the interceptor is launched i ' Orlit
Equaton |
in a close orbit. That is, only a small :<9___69.___§: :

angle change is required for rendevous.
Let /\ i denote the required difference
in the inclination of the orbital plane.
It can be demonstrated that

sin iL cos iy - sin Z& i

cos i, sin i

21l. cos 6 = .
L 0 Figure T
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Example:

If i = 28° (Cape Canaveral)

iO Zx i 9

30° 2° 32.6°
30.4 2.4 36.0
31.0 3.0 39.5

Next consider two types of transfer orbits:

Case a: Transfer apogee at target height (Gemini Progrem Maneuver)

A chasing orbit is obtained by
launching a transfer such that the
apogee is tangent to the target's
orbit. Thus the ferry or interceptor
gains on the target during each revolu-
tion until a constellation is attained
for which a single small impluse is
sufficient to effect the rendezvous.

Let: 8 = angular difference
]/ = number of revolutions

required to overcome 9

deficiency Figure 8
Hohmann - type Transfer

One can verify that

21 Lr 1 _o
" r T 330y °
20 fQL! = 1 2
oV, T3 360 7
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vwhere VO is the orbital speed.

Example:

If & = 20°
V=1
r = 4260,

then ZX r = 315. This cannot be accomplished in one revloution be-
cause Zﬁ r is greater than target altitude, here considered to be
300 s.m. Therefore, let |}/ = 2, and then ZX r = 158 miles and
Av = 213 £t/sec.

Case b: Parking orbit %hl
Hehmann “ﬁ0/
For an intermediary parking
orbit; 21. is modified to

ZX T 2 =

B T3y I

Thus the basic technique in
the use of chasing or parking or-
bits is to launch the ferry any
time it is ready during the time
interval the launch site is close //Figure 9
to the orbital plane of the target,

Figure 7. From this figure and the table relating ZXi and 9, this

N

{0 Jﬁf (l!l%

may be in the interval of several successive orbital passes. Any
geocentric angular deficlency that the ferry mey have is made up
oy use of the chasing or parking orbit. It is seen that the holding

back for subsequent addition of a rendezvous velocity increment ZX VR

allows this type rendezvous to be made at substantially the same charac-
teristic velocity increment as would be involved in a direct ascent ren-
dezvous. These indirect schemes provide for launch windows up to 3-5

hours, instead of minutes.
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Terminal Phase
Terminal phase starts when ferry is about 50 mile; from the target.
Tvwo types of terminal meneuvers are usually considered.

(1) Proportional navigetion: maintain line-of-sight fixed in

inertial space; or, maintein zero angular rate. gpace

renAC VoL stetiene

(11) Orbital mechanics: compute coast or-

bits of target and ferry to determine if they

b

intersect. If no intersection, compute reguired
change in ferry orbit to produce orbit inter- Figure 10

section.
(a) Terminal Guidance

The terminal guidance equations for a variety .
Figure 11

of assumed models are given in Teble 1. As &an

example, consider the equations in rotating

rectangular coordinates for amodel having & spherical earth, circuler

target orbit, "zero-order" gravity. The equations of motion are

.o L4 T
2)4- X‘2(A)y=-n-1—}-c-

Bkba

(&4 . 2
y+2U~)X'3wy=

=]

‘Z'+ UO2z=—£
m

Assume no thrust, 'I'x = Ty = Tz = 0, then the solutions to 2L. are

’ .

2y X
0 . 9]
25. x = (xO + TS—) + (—‘3xo + 6 u)yo)t - 2(3yO - 27:7) sin w t -

Yo
2—&—)— cos W b,
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-
* L4

*9 *5 Yo
26. ¥y (hyo - 272;) + (- 3y, * 271;) cos W t + == sin WOt

n
-3
N
H

a, sin (vt + b

1 cos W t,

1

where x

- X, Yo 50 are the initial conditions.

The general reletive motion //’//,—
seen be the ferry in these coordi-

nates 1s shown in Figure 12. The

ellipse is centered at the target AY*\\\\\\_

and has the following parameters:

28- V = ~ 3}20 + 6 U)y'o
v
_ -0 Figure 12
X =X YA
iO
Yo =Wy - 2
a=2b

§O 2 fo 29 %
o= | (5 +(3y, - 23) ] :
Suppose that v = Y. = 0; this implies that

29. XO = 2 bUyO,

vhich is the condition for which the
orbital period of the transfer orbit
is equal to that of the target.

If

w
o
e

It

2u)yo

UL)XO
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we have the situstion illustrated in Figure 13, in which the ellipse is

centered about the target.

If the target is itself in elliptical motion, it can be shown
thaet the seme form of terminal equations apply to the relative motion.

(b) Two Impulse Terminal Phase - Orbital Mechanics Scheme

Let W/27T be the period \Iw
of the target and tr denote the //ﬂ/ 6;>\kh
éb A -

time interval required to effect

a rendezvous. Figures 15 and 16
illustrate the effect of the para-

meters required for a rendezvous. Figure 14
2 6
/ ) /5}0—— — — .[. [ — —
I I
I |
|
g o
ol o N -
1.7 | |
0 |
| ]
o1 02 P 0 0./ 0.5 /0 P
Figure 15
w Yy
31. p = 5 , period ratio of the orbits,
w = angular rate of orbit
v = %3 LL)XO.
Example:

If the altitude h —~200 miles, W == 0.001lkL.

For ’Eo = 5000 ft.

V=5.7@
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14,

If 8 2 2, v 2~ 10 ft/sec to complete a rendezvous in & time
2 ~

tr = 10 minutes.

(1) rotating axis system

s<::::—\\\\| A

(11) 1inertial fixed system

1

3
£ 1)

7

5
Féwy Behnd Space Staticn

(c) Proporticnal Navigation

Let R be the line-of-sight
distance between the station and
the vehicle. For proportional
navigation, an intercept occurs if

32. R2 = 2aR

8 = acceleration.

Y

rdtahng axes

1
\\\“///spaceetatwn

SiXed<3xeS

PStaHDn

ey

Figure 16
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One meneuver for "braking" into R
a rendezvous is shown in Figure
17. A thrust is applied at the
"on" line and removed at the "off"

line. The vehicle then coasts

until the "on" line is again met. ™. ﬁa
The rendezvous is then made by l\\\\\\\\lﬁilt!fi~;
"praking" in this stepwise fashion. start
a,
ON LINE
42
Figure 17

Mission Analysis

Mission analysis is used for booster design, or specifying the
rocket thrust capabilities. As an example of mission design, con-

sider a comparison of two types of lunar mission profiles:

(1) direct ascent

(11) direct ascent with rendezvous in parking orbit about moon

The basic rocket equation can be written &s

mO A v

32a. o & = K
"= Ig Pag\oad ?)Ci* ev
I = specific impulse <::E;;:_} (nb :]

Consider the vehicle configuration of Figure 18.
Apply 32a. to obtain

Figure 18
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vhere E"mb = burn out weight of booster.
Solve for
K -1

3&. mb = if:-jg-i,mp = rmp.

The required total weight is then

M

Y
L\
I m

-
@

The sequence is

Figure 19

(1) Land on moon by means of m; ZXV3 1s the required velocity

increment.

(ii) PFrom the moon's surface, launch m, to Earth return, ZX'VM is

the velocity increment.
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Using the preceding equations, the mass that must be used to es-
cape the Earth is

36- Me = R3 (mT + n"3) H mT = Rb,mc = R3 (RLI»mC + m3)
Typical velocity increments are:

V. = 10,640 ft/sec
3
AV, = 10,330 £t/sec.

(v) Lunar Rendezvous

m

The mission sequence is ¢
Q@K

(1) Decelerate the vehicle into
a moon orbit; ZXVI

Figure 20

(11) Descend to the moon with me, ascend to rendezvous; vaﬁf ZX Va.
(111) Return to Earth; Av2

One finds

37. m=R_ m,

38. my = Rd (m + ms) = Rd (Ra m, + ms).

It can be verified that the mass, m,» that escapes from the Earth is

ny,
39- Me = R12 (ﬁg * mc)'
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Typical velocity increments are:

6800 ft/sec

AVa
[\V = 6800
AV, = 3530
Avi, = Av, + Av, = 1370,

It is interesting to compare the two types of lunar profile missions.

For a direct ascent with typical values

Lo, Me =10m + 2.745 m

and
L. m, = 2.435 m, o+ 8.96 m, + 3.81 m
Lo, mL = 5.52 me + 2.35 ms .

If m = 13,000, m, = 3500, m_ = O; one finds that

M = 130,000 1lbs

e
me = 64,000
m = 19,000.

These figures indicate the economy of a luner rendezvous mission

as compared to a direct ascent.
Rendezvous in Interplanetary Transfer
Rendezvous problems for interplanetary flights are exactly similar

to those already discussed except in the near vicinity of the departing
and destination planets. Figure 21 illustrates the hyperbolic escape
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orbit in the vicinity of the Earth.
The escape velocity is computed from

L3, V2=/LL(;2:+%)

or, in equivalent form

/parking orbit

vhere =
0,400
VO = circular velocity at height r
Escape
Vo = hyperbolic excess velocity.
V.V
L5. tan ¢ = E2°°
Vo

Figure 21

The thrust required for egcape is computed from the Lagrangian

L5, L=T-v=%m(£2+r2é2) -7&."-;
and

LT, 6oo=Fr8r+Fgr S s.

The equations of motion for a thrusting escape are

ve -2 umf'

48. r = ro +;1'L2-=m >
mr

Mg, 4216 - AR IO

' oL
V= (r2 + 1'292)2
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Instead of a Hohmenn transfer,
a faster orbit can be used as shown

in Figure 22. The following table

indicates the characteristics of a Mawrs
minimum energy Hohmann transfer to
Mars compared to a possible fast orbit.
Figure 22
Mars Stay Time Travel Time Total Time Z A \'
Hohmann L60 days 520 days 980 days 36,600 ft/sec
Fast Orbit 30 290 320 76,000

Reference:

J.C. Houbolt, "Problems and Potentialities of Space Rendezvous,"
Astronautica Acta, Volume VII, Fasc. S5-6, 1961.
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